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Afte

1.

2.

r completing this chapter, students will be able to:

Understand the difference between LP and

integer programming

Understand and solve the three types of

integer programming problems

. Apply the branch and bound method to solve
integer programming problems

. Solve goal programming problems

graphically and using a modified simplex

technique

. Formulate nonlinear programming problems
and solve using Excel

© 2009 Prentice-Hall, Inc. 11-2

m A large number of business problems can be
solved only if variables have integer values

We will solve integer programming problems
graphically and by using the branch and bound

method

Many business problems have multiple objectives
Goal programming is an extension to LP that can

permit multiple objectives

Linear programming requires linear models
Nonlinear programming allows objectives and

constraints to be nonlinear

© 2009 Prentice-Hall, Inc. 11-4



Integer Programming

®m An integer programming model is one where one

or more of the decision variables has to take on
an integer value in the final solution

There are three types of integer programming
problems

1. Pure integer programming where all variables
have integer values

2. Mixed-integer programming where some but
not all of the variables will have integer
values

3. Zero-one integer programming are special
cases in which all the decision variables must
have integer solution values of 0 or 1

Integer Programming

Solving an integer programming problem is much
more difficult than solving an LP problem

Even the fastest computers can take an
excessively long time to solve big integer
programming problems

The most common technique used to solve

integer programming problems is the branch and
bound method

Chapter 11

Harrison Electric Company Example of
Integer Programming

m The Company produces two products popular
with home renovators, old-fashioned chandeliers
and ceiling fans

m Both the chandeliers and fans require a two-step
production process involving wiring and
assembly

m It takes about 2 hours to wire each chandelier and
3 hours to wire a ceiling fan

m Final assembly of the chandeliers and fans
requires 6 and 5 hours respectively

m The production capability is such that only 12
hours of wiring time and 30 hours of assembly
time are available

Harrison Electric Company Example of
Integer Programming

m Each chandelier produced nets the firm $7 and
each fan $6

m Harrison’s production mix decision can be
formulated using LP as follows

Maximize profit = $7X; + $6X,
subject to 2X; +3X,£12 (wiring hours)
6X; +5X,<30 (assembly hours)
X;, X, 20 (nonnegative)
where
X, = number of chandeliers produced
X, = number of ceiling fans produced
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. X
®m The Harrison ™2
Electric
Problem
6X, + 5X, < 30
4
+ = Possible Integer Solution
3+
Optimal LP Solution
(X, =3.75, X, = 1.5,
2} + + Profit = $35.25)
2X, +3X, <12
1k + + +
0 L | L
Figure 11.1 1 2 3 4 5 6 X,
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CHANDELIERS (X;)  CEILING FANS (X,) PROFIT($7X +$6X,) ik Integer

solutions
0 7
2 0 14
3 0 21
4 0 28
5 0 35 <= Optimal solution to
0 1 6 integer programming
1 1 13 problem
2 1 20
3 1 27
4 1 34 <« Solution if
0 2 12 rounding is used
1 2 19
2 2 26
3 2 33
0 3 18
g 8 i Table 11.1
0 4

24
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® The production planner Wes recognizes this is an
integer problem

m His first attempt at solving it is to round the
values to X; =4 and X, =2

m However, this is not feasible

®m Rounding X, down to 1 gives a feasible solution,
but it may not be optimal

m This could be solved using the enumeration
method

® Enumeration is generally not possible for large
problems
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® The rounding solution of X; =4, X, =1
gives a profit of $34

® The optimal solution of X; =5, X, =0 gives
a profit of $35

®m The optimal integer solution is less than
the optimal LP solution

® An integer solution can never be better
than the LP solution and is usually a
lesser solution

© 2009 Prentice-Hall, Inc.  11-12



Branch-and-Bound Method

The most common algorithm for solving integer
programming problems is the branch-and-bound
method

It starts by first allowing non-integer solutions

If these values are integer valued, this must also
be the solution to the integer problem

If these variables are not integer valued, the
feasible region is divided by adding constraints
restricting the value of one of the variables that
was not integer valued

The divided feasible region results in
subproblems that are then solved

Branch-and-Bound Method

Bounds on the value of the objective function are
found and used to help determine which
subproblems can be eliminated and when the
optimal solution has been found

If a solution is not optimal, a new subproblem is
selected and branching continues

Chapter 11

Six Steps in Solving IP Maximization

Problems by Branch and Bound

. Solve the original problem using LP. If the answer

satisfies the integer constraints, we are done. If
not, this value provides an initial upper bound.

. Find any feasible solution that meets the integer

constraints for use as a lower bound. Usually,
rounding down each variable will accomplish this.

. Branch on one variable from step 1 that does not

have an integer value. Split the problem into two
subproblems based on integer values that are
immediately above or below the noninteger value.

. Create nodes at the top of these new branches by

solving the new problem

Six Steps in Solving IP Maximization
Problems by Branch and Bound

5. (a) If abranch yields a solution to the LP problem

that is not feasible, terminate the branch

(b) If a branch yields a solution to the LP problem
that is feasible, but not an integer solution, go
to step 6

(c) If the branch yields a feasible integer solution,
examine the value of the objective function. If
this value equals the upper bound, an optimal
solution has been reached. If it not equal to
the upper bound, but exceeds the lower
bound, terminate this branch.
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6. Examine both branches again and set the upper m Since X; and X, are not integers, this solution is

bound equal to the maximum value of the not vaI|d. , , T
objective function at all final nodes. If the upper m The profit value of $35.25 will provide the initial
bound equals the lower bound, stop. If not, go upper bound

back to step 3. m We can round down to X; = 3, X, = 1, profit = $27,

which provides a feasible lower bound

m The problem is now divided into two

Note: Minimization problems involved subproblems

reversing the roles of the upper and
lower bounds
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m Recall that the Harrison Electric Company’s Subproblem A
integer programming formulation is — -
Maximize profit = $7X; + $6X,

Maximize profit = $7X,; + $6X, subject to 2X, +3X,<12
subject to 2X, +3X,212 6X, +5X%,<30
6X; +5X,230 X, >4
where
X, = number of chandeliers produced Subproblem B
X, = number of ceiling fans produced Maximize profit = $7X, + $6X,
= And the optimal noninteger solution is subject to 2X, +3X,£12
6X, +5X,<30
X, =3.75 chandeliers, X, =1.5ceiling fans X, <3

profit = $35.25

© 2009 Prentice-Hall, Inc.  11-18 5 © 2009 Prentice-Hall, Inc.  11-20



m If you solve both subproblems graphically

Subproblem A’s

optimal solution: [X; =4, X,=1.2, profit = $35.20]

Subproblem B’s

optimal solution: X1 = 3: X5 =2, profit = $33.00]

® We have completed steps 1 to 4 of the branch and
bound method

© 2009 Prentice-Hall, Inc.  11-21

m Harrison Electric’s first branching:
subproblems A and B

. Next Branch (C)
Subproblem A~
'

Infeasible (Noninteger) Solution
Upper Bound = $35.20
Lower Bound = $33.00 <= === == =y

~

~
 Next Branch (D)

Upper Bound = $35.25
Lower Bound = $27.00 (From
Rounding Down)

Subproblem B

Stop This Branch '
Solution Is Integer, Feasible w== =
Provides New Lower Bound of $33.00

Figure 11.2
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m Subproblem A has branched into two new
subproblems, C and D

Subproblem C

Maximize profit = $7X; + $6X,
subject to 2X, +3X,<12
6X, +5X,<30
X 24
X, 22

Subproblem D
Maximize profit = $7X; + $6X,
subject to 2X, +3X,<12

6X, +5X,<30
X, 24
X, <1
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m Subproblem C has no feasible solution
because the all the constraints can not be
satisfied

m We terminate this branch and do not consider

this solution

m Subproblem D’s optimal solution is X;
X, = 1, profit = $35.16

=417,

m This noninteger solution yields a new upper

bound of $35.16

© 2009 Prentice-Hall, Inc.  11-24
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m Finally we create subproblems E and F m Harrison Electric’s full branch and bound solution
Subproblem E Spbproblerm C
Maximize profit = $7X, + $6X,
subject to 2X, +3X,<£12
6X, +5X,<30 Optimal solution to E: Subproblem A Subproblem E
X, >4 X, =4, X, =1, profit = $34
Xl <4 Feasible, Integer
X2 <1 Subproblem D b Solution
Subproblem D
Maximize profit = $7X, + $6X, sabproblen] F
subject to 2X, +3X,512 £
6X, +5X,<30  Optimal solution to F: Uoper Boung 1>
X 24 X,=5X,=0, profit = $35 Eqsmzls‘rogound
Xy X 3 ? Figure 11.3 : \S,,".ﬂ:?,f,',
, <
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® QM for Windows input screen with Harrison

m The stopping rule for the branching process is Electric data

that we continue until the new upper bound is less

than or equal to the lower bound
. ] . Eile Edit View Module Format Tools Wi Help
m or no further branching is possible CECE I IR T S PRCE T
. . el =Bz U EEE 0 -f 00 @A -
Obyectve. Mg st of derslons — Mlasmaum leveed |degihl in procedus
[ ] T_he later case applles here since both branches s o T pry
yielded feasible integer solutions : E
m The optimal solution is subproblem F's node ! | 21 2 ! R Rt b
. Medmes i ] [ T Mex 7X1 £ 6%2
m Computer solutions work well on small and Constraint 1 2 s 12 21+ 3x2 <= 12
H Constraint 2 5| 6X1+ 5X2 <= 30
medium problems arab o WW_ i

m For large problems the analyst may have to settle
for a near-optimal solution

Program 11.1A

© 2009 Prentice-Hall, Inc.  11-26 7 © 2009 Prentice-Hall, Inc.  11-28



® QM for Windows solution screen for Harrison
Electric data

-~ Objective M awimum riumber of terations -
& Mavimize 1000
C e mr— o [ |

# Integer & Mixed Integer Programming Results

Variable Type Value
X1 Integer 5
X2 Integer 0
Solution value 35

Program 11.1B
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® QM for Windows iteration results screen for
Harrison Electric data

Program 11.1C

DObyective Mawirmaam number of ibesafior
3tverend N —
O |teration Results
Harrison Elec
Iteration Level Added Solution Solution X1 X2
constraint type Value

Optimal 35 5 0
1 0 NONinteger 35.25 3.75 15
2 1 X1<=3| INTEGER 33 3 2
3 1 X1>= 4| NONinteger 35.2 4 1.2
4 2 X2<= 1) NONinteger 35.17 417 1
5 3 X1<=4| INTEGER 34 4 1
6 3 X1>=5 INTEGER 35 5 0
7 2 X2>=2| Infeasible

© 2009 Prentice-Hall, Inc. 11 -30
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m Using Excel’s Solver to formulate Harrison’s
integer programming model

Program 11.2A

 Enter the names for
| the objective function
] ATmmmErae ) TEE [
i H Electric IP Analysis |~ Enter the data, including the decision
E "\ variable names, in columns B, C, ﬂ'ldj}
EX e it T
a { 1

{ 5 | 7] ihe predici o
| 7 ign coefficients and ihe
i wiring Nowrs: z < il varizbie vaiues using the
°  azsembly nours 6 3 6, SUMPROOUACT function. ;
-
11 1
/The objective is in cell " ey e | i
Dﬁmml‘f:;a:ﬁgu j’—’Wr F == 11" The variables are integ 3
srespecified sx B4 Lo | Nobi ) RlRC CHa | Cibleeh || (2 conditions). P
\ : —
- mU'S ~ %«w _’;,..rgﬁ IT
17|
15 -
13 Do not use More wWiring or
| 20| assembly hours than are ]
[z1] | avaifable (2 canstraints).
(22 I —

© 2009 Prentice-Hall, Inc

®m Integer variables are specified with a drop-down

menu i

Program 11.2B

n Solver
[ A T 8 T ¢ [ o JeETFT
1 Harrison Electric IP Analysis | |
2
3] Chandeliers Fans
4 Solution
5 [ Total
_QJPruﬁt 7l 6 | |
ezl | Used  Sign  |Limit
8 \wiring hours 2 3 5< 12
9 |assembly hours ] 5 1< 30

10|

1; I Add Constraint

13_: Cell Reference; Constraint:

14 |s8s4:5cs4 ] [<= | |_ Y
15| =

16| Cancel |=

7, = = T
18 ; >

9] P

11-31
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m Excel solution to the Harrison Electric integer

AMOUNT OF

programming model AMOUNT PER 50-POUND  AMOUNT PER POUND INGREDIENTS
0 5 50 0 0 (T 0 BAG OF XYLINE (LB) OF HEXALL (LB) AVAILABLE

gy teericon Blectric IP Analysis | : 30 05 2,000 Ib—ingredient A
2| Chandeliers Fans _ |

|4 Solution _ | 18 0.4 800 Ib—ingredient B
| 5 | . Total |

ég—”"“‘ % B uSign i : 2 0.1 200 Ib—ingredient C
| 8 |wiring hours | 2| 3 10 < _ 12, '

| 9 | assembly hours ] 5 30 < 30

=
o

m Bagwell wants to maximize profit

=

_}§ ® We let X = number of 50-pound bags of xyline

:};j m We let Y = number of pounds of hexall

% ® This is a mixed-integer programming problem as
12| Y is not required to be an integer

18
Program 11.2C
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m There are many situations in which some of the ® The model is
variables are restricted to be integers and some
are not Maximize profit = $85X + $1.50Y

| Bagwel_l Chemiqal Company produces two subject to 30X +05Y < 2.000
industrial chemicals 30X  +05Y < 800

m Xyline must be produced in 50-pound bags 30X +05Y < 200

m Hexall is sold by the pound and can be produced X Y < 0and X integer

in any quantity

®m Both xyline and hexall are composed of three
ingredients — A, B, and C

m Bagwell sells xyline for $85 a bag and hexall for
$1.50 per pound

© 2009 Prentice-Hall, Inc. 11 -34 9 © 2009 Prentice-Hall, Inc. 11-36
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®m Using QM for Windows and Excel to solve

Bagwell's IP model m Excel solution to the Bagwell Chemical problem
Tbecie Tnenachon
& Maximizs Thete are mote rendts avalable n addbional wndows Thete may be openad by usng the WINDOW option n the Main b
o Meru any

= — _Bagwell Chemical Company Solution ) | | |
Xylene| Hexall | xyline (bags) hexall (Ibs)
| value | 44 20|
.| 5
2 05 = 280, proft 85, 15 310 _ _
18, 04 = 500. : :
2 0.1 <= 20, . . jused  sign available
Integer Real ngredient a. 30 05 1330 <= | 2000
44 20.|  Optimal Z-> 3.770. ngredient b 18 04 800 <= 800
10 lingredient ¢ 2 0.1 90 <= 200

Program 11.4B

Program 11.3

© 2009 Prentice-Hall, Inc. 11 -37 © 2009 Prentice-Hall, Inc. 11 -39

m Excel formulation of Bagwell’s IP problem with

Solver m We can demonstrate how 0-1 variables
L E= can be used to model several diverse
objective uncton and i (hece] et ] situations
Enter the data, including the decision . . . .
7 i A e E G ) m Typically a 0-1 variable is assigned a value
85 1.5 =SUMPRODUCT($B$4:$C$4,B6:C8) \ + - ., . .
b e of 0 if a certain condition is not met and a
e I v 1if the condition is met

The objective is in cell Dé.
The cells to change are
specified as B4 to C4.

® This is also called a binary variable

{ The number of
bags is an integer.

Do not use more of any ingredient
than is available (3 constraints).

Program 11.4A
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. . . [ ® Th ision variabl r
m A common capital budgeting problem is selecting € dpcisfort vaniabies are

from a set of possible projects when budget X. = {1 if catalytic converter project is funded

limitations make it impossible to select them all 1 |\Qotherwise | | |

m A 0-1 variable is defined for each project X, = {é gti‘;‘mg? project is funded

. Q“emo C.hemlcal Company = cons'ldermg three _ J1if warehouse expansion project is funded
possible improvement projects for its plant X3 = 10 otherwise
® A new catalytic converter | i
m A new software program for controlling operations m The mathemaﬂcal statement of the integer
m Expanding the storage warehouse programming problem becomes

= |t can not do them all Maximize NPV = 25,000X, + 18,000X, + 32,000X,

® They want to maximize net present value of subject to 8,000X; + 6,000X, +12,000X; < 20,000
projects undertaken 7,000X, +4,000X, +8,000X, < 16,000

X, X5, Xy =0o0r1

© 2009 Prentice-Hall, Inc. 11 -41 © 2009 Prentice-Hall, Inc.  11-43

® Quemo Chemical Company information i
R pany ®m Solved with computer software, the

PROJECT NET PRESENT VALUE YEAR 1 YEAR 2 Optlmal SOIUtion iS Xl - l’ X2 - 01 and X3 -
Catalytic Converter $25,000 $8,000 $7,000 1 Wlth an Obj eCtive function Value Of
Software $18,000 $6,000 $4,000 57 ’ OOO

Warehouse expansion $32,000 $12,000 $8,000

® This means that Quemo Chemical should
fund the catalytic converter and
Table 1.2 warehouse expansion projects only

®m The net present value of these
investments will be $57,000

Available funds $20,000 $16,000

m The basic model is

Maximize net present value of projects
undertaken

subject to Total funds used in year 1 < $20,000
Total funds used in year 2 < $16,000

© 2009 Prentice-Hall, Inc. 11— 42 1 1 © 2009 Prentice-Hall, Inc. 11 —44
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m One common use of 0-1 variables involves m Often businesses are faced with decisions
limiting the number of projects or items that are involving a fixed charge that will affect the cost of
selected from a group future operations

m Suppose Quemo Chemical is required to select m Sitka Manufacturing is planning to build at least
no more than two of the three projects regardless one new plant and three cities are being
of the funds available considered in

m This would require adding a constraint m Baytown, Texas

Xy + X, + X532 m | ake Charles, Louisiana

m If they had to fund exactly two projects the O. MOb'rI]e’ Allabama | built. th
constraint would be m Once the plant or plants are built, the company

| want to have capacity to produce at least 38,000
X+ X+ X3=2 units each year

© 2009 Prentice-Hall, Inc. 11 -45 © 2009 Prentice-Hall, Inc. 11 -47

m At times the selection of one project depends on m Fixed and variable costs for Sitka Manufacturing
the selection of another project
’ i ANNUAL VARIABLE COST ANNUAL
m Suppose Quema’s catalytic converter could only SITE CYED COST  PER UNIT CAPACITY

be purchased if the software was purchased

. . . Baytown, TX $340,000 $32 21,000
m The following constrain would force this to occur Y
Lake Charles, LA $270,000 $33 20,000
X;€X, or X;—-X,20 ake Lhanes
m If we wished for the catalytic converter and Mobile, AL $290,000 $30 19,000
software projects to either both be selected or
both not be selected, the constraint would be Tabe 11.3

© 2009 Prentice-Hall, Inc. 11 -46 12 © 2009 Prentice-Hall, Inc. 11 -48
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m We can define the decision variables as m Numerous financial applications exist with 0-1
1if factory is built in Baytown variables
X, = {Ootherwige d m Simkin, Simkin, and Steinberg specialize in
L recommending oil stock portfolios for wealth
X, = {1 factory is built in Lake Charles clients 90 P y
2 = |0 otherwise ) i T
_ [1if factory is built in Mobile ® One client has the fpllowmg spemflcatlon_;:,
X3 = 10 otherwise m At least two Texas firms must be in the portfolio
m No more than one investment can be made in a foreign
X4 = number of units produced at Baytown plant oil company

m One of the two California oil stocks must be purchased

® The client has $3 million to invest and wants to
Xg = number of units produced at Mobile plant buy large blocks of shares

X5 = number of units produced at Lake Charles plant

© 2009 Prentice-Hall, Inc. 11 -49 © 2009 Prentice-Hall, Inc.  11-51

® The integer programming formulation becomes

m Oil investment opportunities

Minimize cost = 340,000X, + 270,000X, + 290,000X, EYPECTED ANNUAL  COST FOR BLOCK

+ 32X, + 33X5 + 30X STOCK COMPANY NAME ~ RETURN ($1,000s)  OF SHARES ($1,000s)
subjectto X, + X+ X; 2 38,000 1 Trans-Texas Oil 50 480
X, < 21,000X, |
X5 < 20,000X2 2 British Petroleum 80 540
Xs < 19,000X, 3 Dutch Shell 90 680
Xy, X X3 =0 0r 1;_ 4 Houston Drilling 120 1,000
X4 X5, Xg 2 0 and integer
- - - 5 Texas Petroleum 110 700
m The optimal solution is 6 san Diego Oil " 510
X1=0,X,=1, X;=1, X, =0, X5 =19,000, X; = 19,000 7 California Petro 75 900

Objective function value = $1,757,000
Table 11.4

© 2009 Prentice-Hall, Inc. 11 -50 13 © 2009 Prentice-Hall, Inc.  11-52
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m Complete Solver input for Simkin’s 0-1 integer

m Model formulation programmlng problem

E
=
m

Maximize return = 50X, + 80X, + 90X, + 120X, + 110X, + 40X, + 75X,

i

%

2
Sea ey
i

H
EEET T
&

subject to

Xy + X+ X 22 (Texas constraint) (.5;23?:3“:;‘:;?}’;:"2
X+ X1 (foreign oil constraint)
Xe+X;=1 (California constraint)
480X, + 540X, + 680X, + 1,000X, + 700X,
+ 510X, + 900X, £ 3,000  ($3 million limit)

“The answers will b i
cells C4 to 10

i

@

ik
A.\-Mg

Solver Parameters
stagetca (IR [W) T 1
s
g

mx::n Bns Omg Oxdoech [V
o Qe oot The constraints, incuding ths binary
Lgpcin e conditions, are shown here. y

St b e Coentr et
F B0~ By
10416 3= 4FHE

All variables must be Oor 1

hz <= R

[ e e e el

Lox ) Program 11.5B

© 2009 Prentice-Hall, Inc.  11-53 © 2009 Prentice-Hall, Inc.  11-55

m Excel solution to Simkin’s 0-1 integer

m Solver input for Simkin’s 0-1 variables programmlng problem

(2] - (& ol TISC54:5C510. 0400100

?'-'—E-I-&'-_—I-' — B8 The binary conditions for the variables LeEREhEELIY

35| are set in the constraint window. =

"3 Stock  Company Name - ompany Name Invest
; ; mrmm 3 = ;l: ‘I_Trjﬂps-Tsxas oil |
gi: Dutch Shel 1 % gm 2 British Petroleum
T Tempumn |t 10 ey 3 Dutch Shell_

W7 cummapa b & o 4 Houston Driling

il 5 Texas Petroleum
= i 6 San Diego Ol

5 7 California Petro
6 Taxas Constraint

17 Formgn oil constrmnt

18] Caitforrea Constraint

Program 11.5A

Texas Constraint 2>= | 2 _ _
Foreign oil constraint 1<= 1 | L
California Constraint 1= 1 Program 11.5C

© 2009 Prentice-Hall, Inc. 11 -54 14 © 2009 Prentice-Hall, Inc. 11 -56



Goal Programming

Firms often have more than one goal

They may want to achieve several, sometimes
contradictory, goals

In linear and integer programming methods the
objective function is measured in one dimension
only

It is not possible for LP to have multiple goals
unless they are all measured in the same units,
and this is a highly unusual situation

An important technique that has been developed
to supplement LP is called goal programming

Goal Programming

Typically goals set by management can be
achieved only at the expense of other goals

A hierarchy of importance needs to be established
so that higher-priority goals are satisfied before
lower-priority goals are addressed

It is not always possible to satisfy every goal so
goal programming attempts to reach a satisfactory
level of multiple objectives

The main difference is in the objective function
where goal programming tries to minimize the
deviations between goals and what we can
actually achieve within the given constraints

Chapter 11

15

Example of Goal Programming
Harrison Electric Revisited

m The LP formulation for the Harrison Electric
problem is

Maximize profit = $7X,; + $6X,

subject to 2X,; +3X,<12 (wiring hours)
6X; +5X,<30 (assembly hours)
X1, X, 20
where

X, = number of chandeliers produced
X, = number of ceiling fans produced

Example of Goal Programming
Harrison Electric Revisited

m Harrison is moving to a new location and feels
that maximizing profit is not a realistic objective

m Management sets a profit level of $30 that would
be satisfactory during this period

m The goal programming problem is to find the
production mix that achieves this goal as closely
as possible given the production time constraints

m We need to define two deviational variables
d,” = underachievement of the profit target
d,* = overachievement of the profit target



m We can now state the Harrison Electric problem
as a single-goal programming model

Minimize under or overachievement
of profit target

=d,-+d,*
subjectto  $7X;+ $6X, +d,- —d,;* =330 (profit goal constraint)
2X; +3X%, <12  (wiring hours)
6X; +5X, £30 (assembly hours)
Xy X5, 07, dy 720

© 2009 Prentice-Hall, Inc. 11 -61
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m The deviational variables are
dl‘ = underachievement of the profit target
d1+ = overachievement of the profit target
d,~ = idle time in the wiring department (underutilization)

," = overtime in the wiring department (overutilization)
d3‘ = idle time in the assembly department (underutilization)
d;* = overtime in the assembly department (overutilization)
d,~ = underachievement of the ceiling fan goal
d,* = overachievement of the ceiling fan goal

© 2009 Prentice-Hall, Inc. 11 -63

m Now Harrison’s management wants to achieve
several goals of equal in priority

Goal 1: to produce a profit of $30 if possible
during the production period

Goal 2: to fully utilize the available wiring
department hours

Goal 3: to avoid overtime in the assembly
department

Goal 4: to meet a contract requirement to produce
at least seven ceiling fans

© 2009 Prentice-Hall, Inc. 11 -62

m Because management is unconcerned about d,*,
d,*, d;-, and d,* these may be omitted from the
objective function

m The new objective function and constraints are

Minimize total deviation =d,~ +d,” + d;* + d,~

subjectto 7X, +6X, +d,- —d;* =30 (profit constraint)
2X, +3X, +d,~ —d,* =12  (wiring hours)
6X, +5X, +d;- —d;* =30 (assembly hours)
X, +d,~—d,f =7 (ceiling fan constraint)
All X, d; variables 20
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® In most goal programming problems, one goal
will be more important than another, which will in
turn be more important than a third

m Goals can be ranked with respect to their
importance in management’s eyes

m Higher-order goals are satisfied before lower-
order goals

m Priorities (P;'s) are assigned to each deviational
variable with the ranking so that P, is the most
important goal, P, the next most important, P; the
third, and so on
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m This effectively means that each goal is infinitely
more important than the next lower goal

m With the ranking of goals considered, the new
objective function is

Minimize total deviation = P,d;~ + P,d,~ + P;d;* + P,d,~

®m The constraints remain identical to the previous
ones
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m Harrison Electric has set the following priorities
for their four goals

GOAL PRIORITY

Reach a profit as much above $30 as possible P,
Fully use wiring department hours available P,
Avoid assembly department overtime P,
Produce at least seven ceiling fans P,

© 2009 Prentice-Hall, Inc. 11 -66
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® We can analyze goal programming
problems graphically

®m We must be aware of three characteristics
of goal programming problems

1. Goal programming models are all
minimization problems

2. There is no single objective, but multiple
goals to be attained

3. The deviation from the high-priority goal
must be minimized to the greatest extent
possible before the next-highest-priority goal
is considered
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m Recall the Harrison Electric goal programming m Analysis of
model the first goal 7

Minimize total deviation = P;d;= + P,d,~ + P5d;* + P,d,~
subjectto 7X;+ 6X,+d;- —d;* =30 (profit)
2X;+ 3X, +d,m —d," =12 (wiring )
6X,+ 5X, +d;~ —d;" =30 (assembly )
X,+d,~ —d,* =7 (ceiling fans)
All X;, d; variables20 (nonnegativity)

B Minimize Z = P,d,~

where
X, = number of chandeliers produced w~ TX, + 6X, =30
X, = number of ceiling fans produced Figure 11.4 L
5 6 Xy
m To solve this we graph one constraint at a time The next graph is of the second priority goal of
starting with the constraint with the highest- minimizing d,-
priority deviational variables m The region below the constraint line 2X, + 3X, =
m In this case we start with the profit constraint as 12 represents the values for d,~ while the region
it has the variable d,~ with a priority of P, above the line stands for d,*
m Note that in graphing this constraint the ®m To avoid underutilizing wiring department hours
deviational variables are ignored the area below the line is eliminated
® To minimize d,~ the feasible area is the shaded m This goal must be attained within the feasible

region region already defined by satisfying the first goal
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m  Analysis of X2
first and 7L
second goals

Figure 11.5

Minimize Z = P,d;~ + P,dy™

7X, + 6X, = 30

0 | |
1 2 3 4 5 6 x
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The third goal is to avoid overtime in the
assembly department

We want d;* to be as close to zero as possible
This goal can be obtained

Any point inside the feasible region bounded by
the first three constraints will meet the three
most critical goals

The fourth constraint seeks to minimize d,-

To do this requires eliminating the area below
the constraint line X, = 7 which is not possible
given the previous, higher priority, constraints
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m  Analysis of X2 |t
all four 7 1o X, =7
. N d,- 2
priority goals $da
LA Minimize Z = Pyd;~ + P,dy + Pydy + P,d,”
5
4
3
2
2X, +3X, =12
7X, + 6X, = 30
Figure 11.6 0 . |

1 2 3 4 5 6 x
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The optimal solution must satisfy the first three

goals and come as close as possible to
satisfying the fourth goal

m This would be point A on the graph with
coordinates of X; =0and X, =6

m Substituting into the constraints we find

d,-=$0 d,* = $6
,~=0hours d,* =6 hours
5~ =0hours d;* =0 hours

d,~ = 1 ceiling fan d," = 0 ceiling fans

m A profit of $36 was achieved exceeding the goal
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= The modified simplex method can be used to m There are four features of the modified simplex
solve problems with more than two real variables tableau that differ from earlier simplex tableaus
m Recall the Harrison Electric model 1. The variables in the problem are listed at the top,
with the decision variables (X; and X,) first, then
Minimize = P,d;~ + P,d,~ + P;d;* + P,d,~ the negative deviational variables and, finally,

the positive deviational variables. The priority

subjectto 7X;+6X,+d;- —d;* =30 level of each variable is assigned on the very top

2X,+3X,+d,~ —d,* =12 row.
6X, +5X, +d;~ —d3* =30 2. The negative deviational variables for each
X,+d,~ —d,t =7 constraint provide the initial basic solution. This
All X;, d. variables > 0 is analogous to the use of slack variables in the

earlier simplex tableaus. The priority level of
each variable in the current solution mix is
entered in the CJ- column.
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m Initial goal programming tableau

o 3. Thereis a separate X; and C; — Z;row for each of
sowmon . SUANTITY the P, priorities because dlﬁJerent units of

P, o 7 6 1 o 1 o o 30 measurement are used for each goal. The bottom
P, 4 2 3 o 1 0o 0o 0o 4 0o o0 12 row of the tableau contains the highest ranked
0 d R EEN RN % (P,) goal, the next row has the P, goal, and so
o i 0 N 2 N 2 . 4 forth. The rows are computed exactly as in the
Z P, 0 1 0 0 0 1 0 0 0 =1 7 b

b a 1ol lo!| o 1ol Tol & 1ol Tol b o regular simplex method, but they are done for

P, 2 3 0 1 0 0 0 -1 0 0 12 each prlorlty level.

P, 7 6 1 0 0 0 -1 0 0 0 30
G-z P, 0 -1 0 0 0 0 0 0 0 1

P, 0 0 0 0 0 0 0 0 1 0

P, -2 -3 0 0 0 0 0 1 0 0

P, - -7 —6 0 0 0 0 1 0 0 0

L— pivot column

Table 11.5
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In selecting the variable to enter the solution
mix, we start with the highest-priority row, P,
and select the most negative C; — Z; value in it. If
there was no negative number for I51, we would
move on to priority P,’s C; — Z;row and select the
largest negative number there. A negative C; — Z;
that has a positive number in the P row
underneath it, however, is ignored. This means
that deviations from a more important goal (one
in a lower row) would be increased if that
variable were brought into the solution.
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We move towards the optimal solution just as
with the regular minimization simplex method

We find the pivot row by dividing the quantity
values by their corresponding pivot column (X1)
values and picking the one with the smallest
positive ratio

In this case, d;~ leaves the basis and is replaced
by X;

We continue this process until an optimal
solution is reached
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m Second goal programming tableau

2 2 i N P N QUANTITY

0 Xy 1 6/7 17 0 0 0 =17 0 0 0 30/7
P, d,- 0 97 =217 1 0 0 217 -1 0 0 2417
0 dy- 0 -7 67 0 1 0 6/7 0 -1 0 30/7
P, d, 0 1 0 0 0 1 0 0 0 -1 7
Z; P, 0 1 0 0 0 1 0 (o] 0] =1 7

Py 0 0 0 0 0 0 0 0 0 0 0

P, 0 97 =217 1 0 0 217 -1 0 0 2417

P, 0 0 0 0 0 0 0 0 0 0 0
C-Z P, 0 -1 0 0 0 0 0 0 0 1

P, 0 0 0 0 0 0 0 0 1 0

P, 0 -917 217 0 0 0 =217 1 0 0

P, 0 [ 0 1 0 0 0 0 0 0 0

L — Pivot column
Table 11.6
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m Final solution to Harrison Electric's goal program

SOLUTION o 2
MIX X, ] A K * K * QUANTITY

0 d, 85 0 o -1 35 o0 0 1 35 0 6
0 X, 65 1 0 0o 15 o0 0 0o -5 0 6
0 d, s o -1 0 65 0 1 0 65 0 6
P, d -5 0 0 o -5 1 0 o 15 -1 1
Z, P, 65 0 0 0o -5 1 0 0o 15 -1 1

P, 0 ) 0 0 0 0 0 0 0 0 0

P, 0 0 0 0 0 0 0 0 0 0 0

P, 0 0 0 0 0 0 0 0 1 0 0
C-2 P, 65 0 0 o 15 o0 0 o -u5 1

P, 0 0 0 0 0 0 0 0 - 0

P, 0 0 0 1 0 0 0 0 0 0

P, 0 0 1 0 0 0 0 0 0 0

Table 11.7
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Modified Simplex Method for
Goal Programming

m In the final solution the first three goals have
been fully achieved with no negative entries in
their C; - Z; rows

®m A negative value appears in the d;* column in the
priority 4 row indicating this goal has not been
fully attained

®m But the positive number in the d;* at the P,
priority level (shaded cell) tells us that if we try to
force d;* into the solution mix, it will be at the
expense of the P; goal which has already been
satisfied

Modified Simplex Method for
Goal Programming

m The final solution is

X, =0 chandeliers produced

X, = 6 ceiling fans produced

d,* = $6 over the profit goal

d,* = 6 wiring hours over the minimum set
d,~ = 1 fewer fan than desired

22

Goal Programming with
Weighted Goals

Normally priority levels in goal programming
assume that each level is infinitely more
important than the level below it

Sometimes this may not be desirable

A goal may be only two or three times more
important than another

Instead of placing these goals on different levels,
we place them on the same level but with
different weights

The coefficients of the deviation variables in the
objective function include both the priority level
and the weight

Goal Programming with
Weighted Goals

Suppose Harrison decides to add another goal of
producing at least two chandeliers

The goal of producing seven ceiling fans is
considered twice as important as this goal

The goal of two chandeliers is assigned a weight
of 1 and the goal of seven ceiling fans is assigned
a weight of 2 and both of these will be priority
level 4

The new constraint and objective function are
X, +d;-—ds* =2 (chandeliers)
Minimize = P,d,~ + P,d,~ + P5d;* + P,(2d,") + P,d5"
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® Summary solution screen for Harrison Electric’s

® Harrison Eflectrl_c 3 goal programming analysis goal programming problem using QM for
u3|_ng QM for Windows _ Windows
m This table refers to the formulation as presented j : (1 |
in Table 11.5 : Harrison Electric Company Solution
r._ Value
F Hiariison Elaciric g 0.
. i X Priority analysis Nonach t
Consiain "4k % Prony1 b
Constraint 2 0 0 1 2 2| 3- 12 Priority 2 0.
Constraint 3 1 3 0 0 B 5= 30 Priority 3 0.
Constraint 4 0 0 1 4 0 1= 7 |Priority 4 1.
) . : Constraint RHS d+ (row i) d- (row i)
raint 30. 6. 0.
Program 11.6A 12. 6. 0.
30. 0. 0.
ICon : 7. 0. 1.
Program 11.6C
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m Final tableau for Harrison Electric using QM for m The methods seen so far have all assumed that
Windows the problem's objective function and constraints
— are linear
= . Harrison Electric Company Soluion _ m Terms such as X3, 1/X,, log X;, or 5X;X, are not
[ - x| x| &1f d2f &3] dd] de1f de2f de3] de-4| RHS) allowed
teo 0. B oL 08 0 & L 0 8% = But there are many nonlinear relationships in the
0.2 o . 0. 12 0. . 0. —1.2.' 0. 3 real world that would require the objectlve
T e function, constraint equations, or both to be
0. 0. 0. 0. 0. 0. 0. 0. 1. 0. 0. nonlinear
0. 0. 0. -1. 0. 0. 0. 0. 0. 0. 0. \
o] of - of of o of of of o o m Excel can be used to solve these nonlinear
Program 11.6B programming (NLP) problems
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m The Great Western Appliance Company sells two
models of toaster ovens, the Microtoaster (X1)
and the Self-Clean Toaster Oven (X2)

m They earn a profit of $28 for each Microtoaster no
matter the number of units sold

m For the Self-Clean oven, profits increase as more
units are sold due to a fixed overhead

®m The profit function for the Self-Clean over may be
expressed as

21X, + 0.25X,2
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m An Excel formulation of Great Western’s problem

Guarantee that we do =t
not make more than

AT B G D E [
| 1 |Great Western Appliance

T ————

T(_Variables are located hene;,\-

[« | \ Microtoast Self-clean Total

| 5 |Number 2 2|=B5+C5 < 1000
| 6 |Profit =28"B3 =21'C5'0.25f€5“2 =B6+C6

% Profit is nonlinear. }-""f—-- used Sign capacity
| 8 |Hours 0.5 0.4 =SUMPRODUCT($E$5 $C$5,60.C0) < 500
10

1]

The objective |:s
in cell D6. The

1,000 units. cells to change
T BT are specified as
- I BS and C5.
17 \ o e O L
18 ot <= ir49 B =
<= I | .
Guarantee that we do e | :UITE'-;n lhfz Otf:hnrﬁ
not use more than Resat All alog box for this
500 hours =1 Ll —  problem, assume Linear
. [ . Model iz not checked.

Program 11.7A
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m The objective function is nonlinear and there are
two linear constraints on production capacity and
sales time available

Maximize profit = 28X; + 21X, + 0.25X,?

subject to X; +21X, £1,000 (units of production
capacity)

500 (hours of sales time
available)

0.5X, +0.4X, <

X, X, 2 0

m When an objective function contains a squared
term and the problem constraints are linear, it is
called a quadratic programming problem
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m Solution to Great Western Appliance’s NLP
problem using Excel Solver

[ A B | D CTE E e 0 g
1 | Great Western Appliance
Micratoast Self-clean Total

Nurmber 1000 < 1000

Profit 0 271000 $271,000.00
Bl used Sign  capacity
9 |Hours 0.5 0.4 400 < 500
Program 11.7B

© 2009 Prentice-Hall, Inc. 11 -96



m The annual profit at a medium-sized (200-400

beds) Hospicare Corporation hospital depends on

the number of medical patients admitted (X,) and
the number of surgical patients admitted (X,)

m The objective function for the hospital is
nonlinear

m They have identified three constraints, two of
which are nonlinear
m Nursing capacity - nonlinear
m X-ray capacity - nonlinear
m Marketing budget required
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® An Excel formulation of Hospicare’s NLP problem

A e e e TETE T W TS
| 1 Haspicare Corp T T ey e P pae, |
E Al i /./1 it makes maore sense to inftialize them to 2 rather than 1 to

% valie EI 1 check that the formulas are comrect.

|5 s ¥ w107 5

"\cursbaind. voeflicer s\ 0F 2 sonstraing, Profit i nonlinear

T reverne BE & 5 1 =SUMPRODUCT[$E$6:$G$6,B8:G8)

[ 9 |

10| corsbraint 1 2 4 =SUMPRODUCT($E$8 SC$6.B10.610) = 00
(41 constrairt 2 1 1 =SUMPRODUCT($B$6:$C$6.811:G11) < 75
[ 12| conctraint 3 8 -2

-

=SUMPRODUCT{$E$6:56$6B12:612) < &1
LThe goal is in HE, and ~

the cells to change

are in B3 to £3. - e
= ol [ HOTE: Inthe
7 1 Options dialog
15 [reszacis 3 | e | . bmbtlormis
19 + # i:,ﬁr proeblem, assume
20 :«:nsz SR B = Linear Mods s
U | z 1 e= : - | 1
" The constraints are ", /' - 3 ;’ i \_\;_wrcbedced,
2l of the form “=" =~ o Chenge I | -
i =il ait [ A [ [
{3 constraintsl. }E T t [ EF |
o | il Loists. e T E_I_{

Program 11.8A
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m The objective function and constraint equations
for this problem are

Maximize profit = $13X; + $6X,X, + $5X, + $1/X,
subject to 2X,2 +4X, £90 (nursing capacity in thousands
of labor-days)
X; +X,2 £75 (x-ray capacity in thousands)
8X; —2X, £61 (marketing budget required in
thousands of $)

m Excel solution to the Hospicare Corp. NLP
problem using Solver
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I 7S = = T == S [ e T
| 1 Hospicare Corp |
iz x1 2

Jvave  [6.066259 4.100253]

terms x1 X112 a2 x2 X243 12

|values 6.066250 36.79949 2487319 4.100253 68.93374 0.243887

total

|revenue 13| 6 5 1 24885

constraint 1| : 2| _ 4 _ < a0
11 |constraint 2 1 | 1 75 < 75
12 | constraint 3 8 -2 4033 < 61|/

Program 11.8B
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m Thermlock Corp. produces massive rubber
washers and gaskets like the type used to seal
joints on the NASA Space Shuttles

m |t combines two ingredients, rubber (X;) and oil
(X3)
m The cost of the industrial quality rubber is $5 per

pound and the cost of high viscosity oil is $7 per
pound

m Two of the three constraints are nonlinear
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m Excel formulatlon of Thermlock s NLP problem

¢ The varizbles are in these cells. Bacause of the nonfinear
—— terms, it makes more sense to initialize them to 2 rather
o + than 1 to check that the tormulas zre correct.

=SUMPRODUCT($B$4:C$4,86:CE)

7| ol e
- — . - Se&uzpsne for sach ™
/Emerd?eataem?eand e i - i R Qﬁaaéfsneede&maé’mé&eahedﬂﬂ?é
\OMSUBW coefficients. - T function or a constraint.
i |vale . B4 =F4"7 =BA3 =C4 =C4%7 Total /
Condraint 1 - 3 0.25 4 0.3 =SUNMPRODUCT($E$10.4F$10B11.F11) > 125
=SUNMFRODUCTI$E$10 §F$10,812F712) = &)
=SUMPRCDUCT{SBS10:$F$10B13:F13) > | 17

W

18| Condraint 3 0.7 1]

4" The geal is in E&, an«dthc colls
to change are in Bd to C4.

The constraints anz
nonfinear. NOTE: Inthe
Options dialeg box for
this problem, assume
Linear Model is not
chacked.

ffThe constraints are afl of the T
\fm'm = {3 ronsTraints).

Program 11.9A
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m The firm’s objective function and constraints are

Minimize costs = $5X; + $7X,
subjectto $5X; +0.25X,2 +4X,+0.3X,2 2125 (hardness
constraint)

13X, + X3 2 80 (tensile
strength)
0.7X, + X, 2 17 (elasticity)
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m Solution to Thermlock’s NLP problem using Excel

Solver
| |
il | | N
< x1 x2 | !
4 [volos | I
5] total N
ost 5 7 119.3325 N
|
[ 8 |constraints | | | '}
2 x1 %112 x113 x2 X212 | B
10 |value 3325326 11.05779 3677076 14.67227 215.2756 Total _ N
11 | Constraint 1 3 025 4 03 136.0122 > _ 125 |
| Constraint 2 13 | 1 | 80 > | 80 L
onstraint 3 0.7 1 17 > 17]

Program 11.9B
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Computational Procedures for
Nonlinear Programming

Computational procedures for nonlinear
problems do not always yield an optimal solution
in a finite number of steps

There is no general method for solving all
nonlinear problems

Classical optimization techniques based on
calculus can handle some simpler problems

The gradient method (sometimes called the
steepest ascent method) is an iterative procedure
that moves from one feasible solution to the next
improving the objective function

Computational Procedures for
Nonlinear Programming

The best way to deal with nonlinear problems
may be to reduce them to a linear or near-linear
form

Separable programming deals with a class of
problems in which the objective and constraints
are approximated by linear functions

The simplex algorithm may then be applied

In general, work in the area of NLP is the most
difficult of all the quantitative analysis models
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